Abstract Let X be a smooth projective connected curve over an algebraically closed field k of positive characteristic. Let G be a reductive group over k, γ be a dominant coweight for G, and E be an ℓ-adicǦ-local system on X, whereǦ denotes the Langlands dual group (overQ ℓ ). Let Bun G be the moduli stack of G-bundles on X.
Introduction
Let F be a number field, A be its ring of adeles. If G is one of the groups SO 2n+1 , Sp 2n or SO 2n then consider standard representationǦ →Ȟ of the Langlands dual groupǦ, so here H is GL 2n , GL 2n+1 or GL 2n respectively. For an irreducible, automorphic, cuspidal representation τ of H(A) satisfying some additional conditions, D. Ginzburg, S. Rallis and D. Soudry have proposed a conjectural construction of an irreducible, automorphic cuspidal representation σ of G(A) which lifts to τ (cf., [6, 7] ).
For example, consider G = SO 2n+1 . Let X be a smooth projective absolutely irreducible curve over F q . Consider the Langlands dual groupǦ = Sp 2n overQ ℓ . Let H = GL 2n over F q , H = GL 2n overQ ℓ . The standard representation V ofǦ is a mapǦ →Ȟ = GL(V ).
Let E be an ℓ-adicǦ-local system on X, assume that V E is irreducible. According to [8] , theorem VII.6, irreducibility of V E implies that End(V E ) is pure of weight zero. It follows that for each closed point x ∈ X the local L-function L(E x ,ǧ, s) is regular at s = 1, and the corresponding irreducible unramified representation of G(F x ) is generic. Here F x denotes the completion of F q (X) at x, andǧ = LieǦ. An analog of D. Ginzburg, S. Rallis and D. Soudry's conjecture for function field is to predict that in the L-packet of automorphic forms corresponding to E there exists a unique nonramified cuspidal generic form ϕ E : Bun G (F q ) →Q ℓ (cf. [7] , Conjecture on p. 809 and [6] ).
In loc.cit. an additional condition is required: the L-function L(E, ∧ 2 V, s) has a pole of order exactly one at s = 1. This condition is satisfied in our situation. Indeed, ∧ 2 V = V ′ ⊕Q ℓ , where V ′ is an irreducible representation ofǦ. Since V is self-dual, H 0 (X ⊗F q , V ′ E ) = 0 and the L-function L(E, V ′ , s) is a polynomial in q −s . The purity argument shows that L(E, V ′ , 1) = 0.
In this paper we consider the problem of constructing a geometric counterpart of ϕ E . Given a reductive group G, a dominant coweight γ and aǦ-local system E on X, we impose on these data some conditions similar to the above. Then we propose a conjectural construction of a distinguished E-Hecke eigensheaf on the moduli stack Bun G of G-bundles on X. Our approach applies to root systems A n , B n , C n for all n, D n for odd n, and also E 6 , E 7 . For GL n our method reduces to the one proposed by Laumon in [9] .
The construction is exposed in Sect. 2, 3. In Sect. 4 we study the additional structure on Levi subgroups induced by γ, and prove a generalization of Laumon's theorem ( [10] , Theorem 4.1) for our setting. We discuss its applications to cuspidality and formulate an analog of the Vanishing Conjecture of Frenkel, Gaitsgory and Vilonen for Levi subgroups of G.
Statements and conjectures
2.1 Notation Throughout, k will denote an algebraically closed field of characteristic p > 0. Let X be a smooth projective connected curve over k. Fix a prime ℓ = p. For a k-scheme (or k-stack) S write D(S) for the bounded derived category of ℓ-adicétale sheaves on S.
Let G be a connected reductive group over k. Fix a Borel subgroup B ⊂ G. Let N ⊂ B be its unipotent radical and T = B/N be the "abstract" Cartan. Let Λ denote the coweight lattice. The weight lattice is denoted byΛ. The semigroup of dominant coweights (resp., weights) is denoted Λ + (resp.,Λ + ). The set of vertices of the Dynkin diagram of G is denoted by I. To each i ∈ I there corresponds a simple rootα i and a simple coroot α i . Byρ ∈Λ is denoted the half sum of positive roots of G and by w 0 the longest element of the Weil group W .
Let Λ pos denote Z + -span of positive coroots. The set Λ + is equiped with the order ν 1 ≤ ν 2 iff ν 2 − ν 1 ∈ Λ pos . Similarly, we have an order onΛ + .
To a dominant weightλ one attaches the Weil G-module Vλ with a fixed highest weight vector vλ ∈ Vλ. For any pairλ,ν ∈Λ + there is a canonical map Vλ +ν → Vλ ⊗ Vν sending vλ +ν to vλ ⊗ vν.
For λ ∈ Λ + write V λ for the irreducible representation ofǦ of highest weight λ.
The trivial G-bundle on a scheme is denoted by F 0 G . Recall that for any finite subfield k ′ ⊂ k and any non-trivial character ψ : k ′ →Q ℓ one can construct the Artin-Shrier sheaf L ψ on G a,k . The intersection cohomology sheaves are normalized to be pure of weight zero.
Additional data and assumptions
We say that γ ∈ Λ + is minuscule if γ is a minimal element of Λ + and γ = 0. If γ ∈ Λ + is minuscule then, by (Lemma 1.1, [14] ), for any rootα we have γ,α ∈ {0, ±1}, and the set of weights of V γ coincides with the W -orbit of γ. For example, if γ = 0 is orthogonal to all roots then γ is minuscule. One checks that the natural map from the set of minuscule dominant coweights to π 1 (G) is injective. Definition 1. We say that {γ} is a 1-admissible datum if the following conditions hold
• the center Z(G) is a connected 1-dimensional torus;
• π 1 (G) →Z;
• γ ∈ Λ + is a minuscule dominant coweight whose image θ in π 1 (G) generates π 1 (G);
• V γ is a faithful representation ofǦ.
Fix a 1-admissible datum γ. For k ≥ 0 set Λ +,kθ
Letω 0 be the generator of the group of weights orthogonal to all coroots, we fixω 0 by requiring θ,ω 0 = 1. For i ∈ I denote byω i ∈Λ + the fundamental weight corresponding to α i that satisfies w 0 (γ),ω i = 0. Note thatω 0 ,ω i (i ∈ I) form a basis ofΛ.
The following lemma is straightforward.
the conditionμ ≤λ impliesμ ∈Λ + S . Note that {−w 0 (γ)} is also a 1-admissible datum. Since V γ is faithful, the weights of V γ generate Λ and for each i ∈ I we have γ,ω i > 0. For each maximal positive rootα we have γ,α = 1. In particular, if the root system of G is irreducible (so, nonempty) then γ is a fundamental coweight corresponding to some simple root.
Some examples of 1-admissible data are given in the appendix.
Consider the formal disk D = Spf(k[[t]]).
Recall that the Affine Grassmanian Gr G is the ind-scheme classifying pairs (F G , β), where F G is a G-bundle on D and β : F G →F 0 G is a trivialization over the punctured disk D * = Spec k((t)). Define the positive part Gr + G ⊂ Gr G of Gr G as a closed subscheme given by the following condition:
. Recall that for µ ∈ Λ + one has the closed subscheme Gr
For ν ∈ π 1 (G) the connected component Gr ν G of Gr G is given by the condition:
2.3 Denote by Bun G the moduli stack of G-bundles on X. Let H + G be the corresponding positive part of the Hecke stack, it classifies collections:
extends to an inclusion of coherent sheaves on X, and Vω
2.4 Version of Laumon's sheaf Given a local system W on X and
G as follows. LetH
G be the stack of collections:
G is smooth, because γ is minuscule. We have a convolution diagram
where supp (resp., p) sends the above collection to (x 1 , . . . , x d ) (resp., to (
The following proposition is an immediate corolary of (Lemma 9.3 [14] ).
Proposition 1.
The map p is representable proper surjective and small.
G . This is a perverse sheaf, the GoreskyMacPherson extension from supp −1 ( rss X (d) ). It is equiped with a canonical action of
W is ULA with respect to both projections p and q.
where U µ stands for the irreducible representation of S d corresponding to µ. For d > 0 let ℓ(µ) be the greatest index i ≤ r such that µ i = 0. For d = 0 let ℓ(µ) = 0. If ℓ(µ) is less or equal to dim W then W µ is the irreducible representation of GL(W ) with h.w. µ, otherwise it vanishes. For ν ∈ Λ + let A ν denote the IC-sheaf on Gr ν . Recall that the category Sph(Gr G ) of spherical perverse sheaves on Gr G consists of direct sums of A ν , as ν ranges over the set of dominant coweights. We have the Satake equivalence of tensor categories Loc : Rep(Ǧ) → Sph(Gr G ) (cf. Theorem 3.2.8, [2] ). In particular, we have Loc( 
the sum being taken over the set of partitions of d k of length ≤ r.
Given a local system
Let also Av
The functors Av 
2.6.1 For a T -torsor F T on X denote by Bun The open substack j : Bun
N is given by the condition that all κλ are maximal embeddings.
Consider the stack of pairs (F T ,ω), where F T is a T -torsor on X andω is a trivial conductor, that is,ω is a collection of isomorphismsω i : Lα
where the second map is i∈Iα i , shows that this stack is noncanonically isomorphic to Bun Z(G) (recall that by our assumption Z(G) is connected).
Fix a section T → B. Then for each pair (F T ,ω) we have the evaluation map evω : Bun [3] , section 4.1.1). Fix a T -torsor on X with a trivial conductor (F T ,ω).
is another T -torsor with trivial conductor on X then there exists a Z(G)-torsor F Z(G) on X and an isomorphism F T ⊗ F Z(G) →F ′ T with the following property. Let Bun
we have an embedding of coherent sheaves
and κω 0 induces an isomorphism Lω
, where κ ′λ are the compositions
, this is a perverse sheaf and
The proof is found in Section 3.2.
2.7 Let π 0 : Bun
Definition 2. Let K be a E-Hecke eigensheaf on Bun G , where E is aǦ-local system on X. We say that K is generic normalized if it is equiped with an isomorphism RΓ c (Bun
By Remark 1, this property does not depend (up to a tensoring K by a 1-dimensional vector space) on our choice of the pair (F T ,ω).
be the projections. From Proposition 3 one derives Corolary 1. Let K be a generic normalized E-Hecke eigensheaf on Bun G . Let W be any local system on X. Then for each d ≥ 0 one has
For aǦ-local system E pick aǦ-local system E * such that Vλ E * → (Vλ E ) * for allλ ∈Λ + . Let K be a E-Hecke eigensheaf then DK is a E * -Hecke eigensheaf. Assume that DK is generic normalized then from Corolary 1 we get an isomorphism
By adjunction, it yields a nonzero map
Dualizing, we see that this is equivalent to providing a nonzero map
Composing with (2) we get a morphism
Conjecture 1 (geometric Langlands). Let E be aǦ-local system on X. Assume that W = V γ E is irreducible and satisfies the condition • both K and DK are generic normalized;
• K is an irreducible perverse sheaf over each Bun Remarks . i) The sheaf K from Conjecture 1 is unique up to an isomorphism if it exists. ii) For any local system W on X we have
Informal motivation
If the ground field k was finite then according to Langlands' spectral decomposition theorem ( [13] ), each function from L 2 (Bun G (k)) would be written as linear combination (more precisely, a direct integral) of Hecke eigenfunctions. Conjecturally, some version of spectral decomposition should exist for the derived category D(Bun G ) itself. We also have an analog of the scalar product of two objects
) (we ignore here all convergence questions).
Let E be aǦ-local system on X satisfying the assumptions of Conjecture 1. One may hope that to E is associated a E-Hecke eigensheaf K, which is unique in appropriate sense.
Since K is expected to be generic normalized, the "scalar product" of π ! P 0 ψ and K should equal "one". That is, K should appear in the spectral decomposition of π ! P 0 ψ with multiplicity one. By Proposition 3, the functor Av d W applied to π ! P 0 ψ with d large enough, will kill all the terms in the spectral decomposition of π ! P 0 ψ except K itself. So, roughly speaking, Av
are regular everywhere and maximal. We have a projection → Ω are regular for
2.10 For any local system W on X letP d W,ψ be the complex obtained by replacing in the definition of P d W,ψ Laumon's sheaf by Springer's sheaf
the inside sum being taken over partitions ν of d k of length ≤ r.
The proof is found in Section 3.1. Proposition 5 together with Corolary 1 suggest the following conjecture.
be the evaluation map given by the conductor data. Let E be aǦ-local system on X, K be a generic normalzed E-Hecke eigensheaf on Bun G . Then
as follows. Consider the diagram
we see that P d+1 W,ψ is a direct summand of
This yields a morphism
and, by adjunction, the desired map (4).
is placed in perverse degrees ≤ 0.
2) For any µ ∈ Λ pos , the restriction of
with some sheaves W
is placed in usual degree zero.
The proof is given in Section 3.3
Remarks . i) One may show that for any µ ∈ Λ pos the restriction of (4) 
The latter map is an isomorphism over the open substack of X d,µ × X classifying triples (D, D pos , x) such that x does not appear in D. Therefore, (4) is an isomorphism over the locus of (F, κ, D, x) ∈ Y d × X such that x does not appear in D. ii) In the situation of Conjecture 1 we expect that the map (4) yields the Hecke property of K corresponding to the coweight γ. Moreover, it should also yield the Hecke properties corresponding to all λ ∈ Λ + G,S (as it indeed happens for GL n ). Define the Hecke functor
Note that the cohomological shifts in the definition of the Hecke functor H :
corresponding to γ and H Y differ by one! So, the Hecke property of K can not be simply the push-forward of (4) with respect to π :
2.12 Let ω be a generator of the group of coweights orthogonal to all roots. Since the image of ω in π 1 (G) is not zero, we assume that this image equals
and κ ′λ is the composition
This is not an isomorphism in general, and one may show that the LHS of (6) is placed in perverse degrees ≤ 0.
Whittaker sheaves Let K(Y d ) denote the Grothendieck ring of the triangulated category D(Y d ).
To eachǦ-local system E on X and d ≥ 0 we attach the Whittaker sheaf
Let µ ∈ Λ pos be such that dγ + w 0 (µ) is dominant. Let τ be a partition of dγ + w 0 (µ), that is, a way to write dγ + w 0 (µ) = i n i λ i with λ i ∈ Λ + G,S pairwise different and n i > 0. Let τ X ⊂ i X (n i ) be the complement to all diagonals. We consider τ X ⊂ X d,µ as the locally-closed subscheme classifying divisors k λ k x k of degree dγ + w 0 (µ) with x k ∈ X pairwise different.
Let τ E denote the restriction of
The sheaf W d E,ψ should satisfy the Hecke property, in particular we suggest Conjecture 3. Recall the diagram (cf. Sect. 2.11)
There is a canonical isomorphism in the Grothendieck ring
2.13.1 We don't know if Λ + G,S is a free semigroup in general, however this is the case for our examples GL n , GSp 2n , GSpin 2n+1 (cf. appendix).
Assuming that Λ + G,S is a free semigroup, we can describe W d E,ψ more precisely, namely "glue" the pieces on the strata τ Y to get a sheaf on µ Y + d . To do so, we will glue the sheaves τ E to get a constructible sheaf AE d,µ on X d,µ (here 'A' stands for 'automorphic').
Let λ 1 , . . . , λ m be free generators of Λ
Consider the sheaf
on
, where x k are pairwise different and
There is (a unique up to a nonzero multiple) inclusion ofǦ-modules
The following is borrowed from [12] .
Proposition 7. Assume that Λ + G,S is a free semigroup. There is a unique constructible subsheaf
is the image of (8).
Some proofs
3.1 Recall that Gr G is stratified by locally closed ind-subschemes S µ indexed by all coweights µ ∈ Λ. Informally, S µ is the N (K)-orbit of the point µ(t) ∈ Gr G , whereK = k((t)). We refer the reader to [3] , Section 7.1 for the precise definition.
Recall the following notion from loc.cit., section 7.1.
. LetΩ denote the completed module of relative differentials ofÔ over k (so,Ω is a freeÔ-module generated by dt). Given a coweight η ∈ Λ and isomorphisms
for each i ∈ I, one defines an admissible character χ η : N (K) → G a of conductor η as the sum χ η = i∈I χ i , where
Here u i : N/[N, N ] → G a is the natural coordinate corresponding to the simple rootα i . By (loc.cit., Lemma 7.1.5), for ν ∈ Λ there exists a (N (K), χ η )-equivariant function χ ν η : S ν → A 1 if and only if ν + η ∈ Λ + . In the latter case this function is unique up to an additive constant.
Proof of Proposition 5
The restriction of Spr d W to this fibre is the tensor product of (
where the inside sum is taken over dominant coweights ν ∈ Λ + such that ν ≤ d k γ, and V ν,k are some vector spaces. Let 0 q Y : Bun
such that x k are pairwise different (and some of d k may be zero). Let K y denote the fibre at y of
The fibre of 0 q Y over y identifies with [3] ) the restriction of the map
The above equivariance argument shows also that the restriction ofP 
In this subsection we prove Proposition 4.
Given a pair d ≥ 0, µ ∈ Λ pos such that dγ +w 0 (µ) is dominant, a partition τ of dγ +ω 0 (µ) is a presentation of dγ + ω 0 (µ) as a sum of nonzero elements from Λ
Given a partition τ of dγ + ω 0 (µ), consider the locally closed subscheme τ X ⊂ X d,µ , which is the moduli scheme of divisors k (d k γ + ω 0 (µ k ))x k with x k pairwise different. Given τ , if k runs through the set consisting of m elements then dim τ X = m. Clearly, the schemes τ X form a stratification of X d,µ . 
In particular, we have dim
. Now from Proposition 5, we learn that the restriction ofP d W,ψ to τ Y is placed in perverse degrees ≤ 0. Moreover, the inequality is strict unless µ = 0 and m = d. SinceP d W,ψ is self-dual (up to replacing W by W * and ψ by ψ −1 ), our assertion follows.
Remarks . i) As a corolary, note that the restriction of
is a finite morphism. Let W and W ′ be any local systems on X. Then the complex
is placed in usual cohomological degree −2d. This is seen by calculating this direct image with respect to the stratification of (9) is a Rankin-Selberg integral considered in [11] .
In this subsection we prove Proposition 6.
Lemma 2. Let λ ∈ Λ + , µ ∈ Λ. Let w ∈ W be any element of the Weil group such that µ + wλ ∈ Λ + . The function χ wλ µ : S wλ → A 1 is constant on S wλ ∩ Gr λ if and only if µ ∈ Λ + .
Proof This follows from the description of S wλ ∩ Gr λ given in ( [14] , Lemma 5.2).
Proof of Proposition 6
The fibre of p × supp :
. This fibre is stratified by the subschemes
indexed by w(γ) ∈ W γ. By ( [14] , Lemma 5.2), (10) is an affine space of dimension γ + w(γ),ρ .
for some w(γ) ∈ W γ. The image of this collection under the map
with µ ′ = µ + w 0 w(γ)− w 0 (γ). If γD + w 0 (D pos )+ w(γ)x is not dominant then, by Proposition 5, the stratum (10) does not contribute to the direct image (5). Assume γD + w 0 (D pos ) + w(γ)x dominant. Let d x ∈ Z + (resp, µ x ∈ Λ pos ) denote the miltimplicity of x in D (resp., in D pos ). Then the restriction of ev µ ′ •q Y to the stratum (10) is (N (K), χ ν )-equivariant for some admissible character χ ν : N (K) → G a of conductor ν = −w 0 (γ)d x − µ x . If ν is dominant then this restriction is constant and equals ev µ (F G , κ, D, D pos ) . If ν is not dominant then, by Lemma 2, the stratum (10) does not contribute to the direct image (5), because RΓ c (A 1 , L ψ ) = 0.
We conclude that the restriction of (5) 
for any µ ∈ Λ pos , the complex (5) is placed in perverse degrees ≤ 0. Proposition 6 is proved.
Additional structure on Levi subgroups
4.1 Throughout this section, we fix a standard parabolic subgroup P ⊂ G corresponding to a subset I M ⊂ I. Let Λ G,P be the quotient of Λ by the Z-span of α i , i ∈ I M . Leť Λ G,P = {λ ∈Λ | α i ,λ = 0 for i ∈ I M } be the dual lattice. Let U (P ) be the unipotent radical of P and M = P/U (P ). Write Λ The following identities are straightforward. 
Lemma 3. We have
It may be shown that Gr
Recall the following definition from ( [2] , sect. 4.3.1). For µ ∈ Λ G,P let S µ P ⊂ Gr G denote the locally closed subscheme classifying (F G , β :
has niether pole nor zero over D for everyλ ∈Λ G,P ∩Λ + . For each ν ∈ π 1 (G) the component Gr 
: Gr
is a subbundle. There is unique (F P , β : 
where F i G is a G-bundle on D, and β i :
Pick a k-point (11) whose image under the convolution map
where F i P is a P -torsor on D and β i :
weight of V γ , so that λ ′ = wγ for some w ∈ W , and λ = wγ + α, where α is a sum of positive coroots for M . However, if α = 0 then the length of λ is strictly bigger than the length of γ, which implies that λ is not a weight of V γ . This contradiction shows that λ ′ = λ.
2) follows from 1).
For
where we used the projection q :
G → Bun G in the fibred product. For µ ∈ Λ G,P let H +,µ P be the locally closed substack of (12) classifying
for which there exists a Λ G,P -valued divisor D µ on X of degree µ with the property: for alľ λ ∈Λ G,P ∩Λ + the meromorphic maps 
We will think of X 
where we have denoted by supp P and s M the natural projections. 
where a denotes the dimension of the corresponding connected component of rss H +,µ M . Then we extend this perverse sheaf by Goresky-MacPherson to H
where we used q M : H +,µ M → Bun M in the fibred product, f M is the natural map, and q M sends (
where now we used p M : H
Here is a generalization of Laumon's theorem ( [10] , Theorem 4.1).
The proof is given in Sections 4.4-4.5.
4.4 Let J = {i ∈ I | γ,α i = 0}. Let W J ⊂ W be the subgroup generated by the reflection corresponding to i ∈ J. Using Bruhat decomposition, one checks that the map W/W J → W γ sending w to wγ is a bijection. Fix a section T → B. Let P γ denote the parabolic of G generated by T and Uα for all rootsα such that γ,α ≤ 0. So, P γ contains the opposite Borel. We have a bijection Λ
M,S . The above isomorphism transforms this stratification into the stratification of G/P γ by P -orbits. We have a disjoint decomposition
So, we have Gr
Similarly, for λ ∈ Λ +,θ M,S let P λ (M ) be the parabolic of M generated by T and Uα, whereα runs through those roots of M for which λ,α ≤ 0. Then the map
is nothing else but the map P/P ∩ wP γ w −1 → M/P wγ (M ) sending p to p mod M . The correctness is due to Lemma 7. We have P wγ (M ) = M ∩ wP γ w −1 .
Lemma 8. i) The map convμ is representable, proper and small over its image. Besides, the perverse sheaf
is the Goresky-MacPherson extension from rss H +,µ
ii) The d-tupleμ gives rise to A(µ) in general position, say µ = k n k ν k . The group k S n k acts naturally on (15) , and the sheaf of k S n k -invariants is canonically isomorphic to the direct summand of L µ W corresponding to A(µ). Proof of Proposition 8 1) Consider the diagram H
. In particular, q M is surjective. Let A(µ) in general position be given by µ = k n k µ k . Let U ⊂ rss H +,µ M be the preimage of the corresponding connected component of rss X µ M . Over the open substack U × Bun M Bun P , the map q M is a fibration with fibre isomorphic to an affine space of dimension
. So, over U × Bun M Bun P , we get the desired isomorphism. Now it suffices to show that, up to a shift,
W is a perverse sheaf, the Goresky-MacPherson extension from rss H
where x i ∈ X and (
is stratified by locally closed substacks H +,μ P indexed by such tuplesμ. We have a diagram
where α sends (16) 
, and the last map is convμ × id. It suffices to show that for eachμ as above,
is a perverse sheaf (up to a shift), the Goresky-MacPherson extension from rss H
Since α is a composition of affine fibrations, our statement about
2) Applying 1) to the 1-admissible data {−w 0 (γ)}, one gets the formula for
Averaging functors for Levi subgroups
Recall for any µ ∈ π
The proof of the following result is completely analogous to that of Proposition 3.
M,S be the element that maps to µ k ∈ π θ 1 (M ). Let W be any local system on X. Let E be aM -local system on X, K be E-Hecke eigensheaf on Bun M . Then for the diagram
there is a canonical isomorphism
Corolary 3. For each standard proper parabolic P of G there exists a constant c(P ) with the following property. Let E be anyM -local system E on X, K be a E-Hecke eigensheaf on Bun M . Let W be an irreducible local system on X of rank r = dim V γ . For any µ ∈ π 
Here d = n k , and k runs through the finite set π θ 1 (M ). For d large enough at least one of n k will satisfy n k > r(2g − 2) dim U λ k , and the RHS of (17) 
The following is a generalization of Lemma 9.8, [4] .
Lemma 9. Let W be any local system on X. For any K ∈ D(Bun G ) and d ≥ 0 the complex
Proof Consider the stack H
+,d
G × Bun G Bun P , where we used q :
is the direct image with respect to the natural map
Recall that H
The restriction of the map (19) to the strutum H +,µ P can be written as a composition
So, by Proposition 8, the contribution of the stratum H +,µ P to the direct image in question is exactly (18). 
The LHS vanishes by Lemma 9. Since RΓ(
is not zero, CT P (K) = 0. Remark 4. For G = GL n Conjecture 4 is proved by D. Gaitsgory ([5] ). For G = GSp 4 (example 2 in the appendix) Conjecture 4 also holds, it is easily reduced to the result of loc.cit. for GL 2 . So, for G = GSp 4 Corolary 4 is unconditional.
Appendix. 1-Admissible groups
Definition 8. Let H be a connected, semi-simple and simply-connected group (over k). Assume that the center Z(H) is cyclic of order h and fix an isomorphism z : µ h →Z(H). Assume that the characteristic of k does not divide h. Denote by G the quotient of H × G m by the diagonally embedded µ h . Call a reductive group G over k 1-admissible, if it is obtained in this way.
Let H be a connected, semi-simple and simply-connected group (over k). Let T H be a maximal torus of H. WriteΛ H (resp., Λ H ) for the weight (resp., coweight) lattice of T H . Leť Q H ⊂Λ H be the root lattice. Set
So, τ gives rise to a 1-admissible group
and the coweight lattice is
The next result follows from definitions. Lemma 10. Let γ H ∈ Q H be a dominant coweight for H ad = H/Z(H). Assume that
• either γ H is minuscule or (H = 1 and γ H = 0);
• the irreducible representation V γ H of (H ad )ˇis faithful.
h , and G be the corresponding 1-admissible group. Set γ = (γ H , 1 h ) ∈ Λ. Then {γ} is a 1-admissible datum for G.
Examples of 1-admissible data
The examples below are produced using Lemma 10. Remark 5. This particular choice of γ H yields a construction of an automorphic sheaf proposed by Laumon in [9] . However, all fundamental coweights for H ad = PSL n are minuscule, and a choice of γ H here is equivalent to a choice of a generator of the cyclic group π 1 (H ad ). If γ H is a fundamental coweight corresponding to a simple root which is not one of two edges of the Dynkin diagram A n−1 then the corresponding 1-admissible group G is not isomorphic to GL n .
2. The case G = G Sp 2n , n ≥ 1. The group G is a quotient of G m × Sp 2n by the diagonally embedded {±1}. Realise G as the subgroup of GL(k 2n ) preserving up to a scalar the bilinear form given by the matrix 0 E n −E n 0 , where E n is the unit matrix of GL n . The maximal torus T of G is {(y 1 , . . . , y 2n ) | y i y n+i does not depend on i}. Letǫ i ∈Λ be the caracter that sends a point of T to y i . The roots arě R = {±α ij (i < j ∈ 1, . . . , n), ±β ij (i ≤ j ∈ 1, . . . , n)}, whereα ij =ǫ i −ǫ j andβ ij =ǫ i −ǫ n+j .
We have Λ = {(a 1 , . . . , a 2n ) | a i + a n+i does not depend on i}. The weight latice iš Λ = Z 2n /{ǫ i +ǫ n+i −ǫ j −ǫ n+j , i < j}
Let e i denote the standard basis of Z 2n . The coroots are R = {±α ij (i < j ∈ 1, . . . , n), ±β ij (i ≤ j ∈ 1, . . . , n)}, where β ij = e i + e j − e n+i − e n+j for i < j and β ii = e i − e n+i . Besides, α ij = e i + e n+j − e j − e n+i . Fix positive rootsŘ + = {α ij (i < j ∈ 1, . . . , n),β ij (i ≤ j ∈ 1, . . . , n)} Then the simple roots areα 12 , . . . ,α n−1,n andβ n,n . For 1 ≤ i < n pick the fundamental weightω i corresponding to the simple coroot α i,i+1 to beω i = (1, . . . , 1, 0 . . . , 0) , where 1 appears i times, and 0 appears 2n − i times. Let the fundamental weightω n corresponding to β n,n beω n = (1, . . . , 1, 0, . . . , 0) , where 1 appears n times. The orthogonal to the coroot latice is the subgroup Zω 0 withω 0 = (1, 0, . . . , 0; 1, 0, . . . , 0).
All our conditions are satisfied and γ = (1, . . . , 1; 0, . . . , 0) (here 1 appears n times). For 1 ≤ i < n let γ i = (2, . . . , 2, 1, . . . , 1; 0, . . . , 0, 1, . . . , 1), where 2 appears i times then 1 appears n − i times then 0 appears i times and finally 1 appears n − i times. The element ω = (1, . . . , 1) ∈ Λ generates the group of coweights orthogonal to all roots. The semigroup Λ + G,S is the Z + -span of γ, γ 1 , . . . , γ n−1 , ω. In fact, these n + 1 elements are linearly independent in Λ, so Λ + G,S → (Z + ) n+1 . Note that V γ is the spinor representation ofǦ → GSpin 2n+1 of dimension 2 n . We have
and dim V γ 1 = 2n+1. Besides, ∧ i V γ 1 → V γ i +(i−1)ω for i = 1, . . . , n−1 and ∧ n V γ 1 → V 2γ+(n−1)ω .
There is an exact sequence 1 → G m →Ǧ → SO 2n+1 → 1, and V γ 1 −ω comes from the standard representation of SO 2n+1 .
3. The case G = GSpin 2n+1 , n ≥ 1. The group G is the quotient of G m × Spin 2n+1 by the diagonally embedded {±1}. We haveǦ → GSp 2n , the root data for G is dual to that of example 2. Interchanging the role of objects and coobjects in example 2, we get Λ = Z 2n /{ǫ i + ǫ n+i − ǫ j − ǫ n+j , i < j} where (ǫ i ) is the standard basis of Z 2n . The weight lattice iš Λ = {(a 1 , . . . , a 2n ) ∈ Z 2n | a i + a n+i does not depend on i} Defineω i as follows. For 1 ≤ i < n leť ω i = (2, . . . , 2, 1, . . . , 1; 0, . . . , 0, 1, . . . , 1) ∈Λ where 2 appears i times then 1 appears n − i times then 0 appears i times and finally 1 appears n − i times. Letω n = (1, . . . , 1; 0, . . . , 0) where 1 appears n times. Letω 0 = (1, . . . , 1).
All the conditions are satisfied and γ = (1, 0, . . . , 0) ∈ Λ. For 1 ≤ i ≤ n let γ i = (1, . . . , 1, 0, . . . , 0) ∈ Λ, where 1 appears i times and 0 appears 2n − i times. The group of coweights orthogonal to all roots is Zω with ω = (1, 0, . . . , 0; 1, 0, . . . , 0), here 1 appears on the first and (n + 1)-th places. The semigroup Λ + G,S is the Z + -span of γ 1 , . . . , γ n , ω. These n + 1 elements are linearly independent in Λ, so Λ + G,S → (Z + ) n+1 . We have ∧ 2 V γ = V γ 2 ⊕ V ω . To assure condition (A) of Conjecture 1, it suffices to require that V γ E is irreducible and V γ 2 E has no local subsystems of rank one.
4.
The case H = Spin 2n , n ≥ 3 odd. We havě Λ H = {(a 1 , . . . , a n ) ∈ ( 1 2 Z) n | a i − a j ∈ Z} and Λ H = {(a 1 , . . . , a n ) ∈ Z n | a 1 + . . . + a n is even}. The roots arě R = {±α ij , ±β ij (1 ≤ i < j ≤ n)} withα ij =ě i −ě j andβ ij =ě i +ě j . The coroots are R = {±α ij , ±β ij (1 ≤ i < j ≤ n)} with α ij = e i − e j and β ij = e i + e j . Pick positive rootsŘ = {α ij ,β ij (1 ≤ i < j ≤ n)}. Then simple roots areα 12 , . . . ,α n−1,n ,β n−1,n We haveQ H = {(a 1 , . . . , a n ) ∈ Z n | a 1 + . . . + a n is even}, Q H = {(a 1 , . . . , a n ) ∈ ( 1 2 Z) n | a i − a j ∈ Z} There are two possible choices for γ H , namely γ H = ( 2 ), the fundamental coweights corresponding toβ n−1,n or toα n−1,n respectively.
5.
The case E 6 . So, H is the simply-connected group corresponding to E 6 root system. There are two possible choices for γ H , namely ω 1 or ω 6 , the fundamental coweights corresponding to the simple rootsα 1 andα 6 in the Bourbaki table ([1] , Ch. 6, no. 4.12, p.219).
6. The case E 7 . So, H is the simply-connected group corresponding to E 7 root system. Take γ H to be the fundamental coweight ω 7 corresponding to the rootα 7 in the Bourbaki 
